Abstract-In this technical note, an approximate tracking and disturbance rejection problem is solved for the class of exponentially stable wellposed infinite-dimensional systems by invoking a simple sampled-data lowgain controller (suggested by the internal model principle). The reference signals are finite sums of sinusoids and the disturbance signals are asymptotic to finite sums of sinusoids.
nentially stable well-posed systems (avoiding the assumption that the impulse response of the system is a measure). Adopting an input-output approach, we do not invoke any results from the state-space theory of well-posed systems, so that, for the purposes of this technical note, an exponentially stable well-posed system is simply a system with the property that its transfer function is holomorphic and bounded in a half-plane fs 2 : Re s > g for some < 0. The essence of the main result of the technical note can be described as follows: low-gain sampled-data control based on a discrete-time version of the continuous-time controller given in [2] , [8] , in conjunction with suitable low-pass filters, achieves approximate tracking and disturbance rejection for exponentially stable well-posed systems.
The technical note is structured as follows. In Section II, we state a number of preliminary technical results used in the technical note. In Section III, we first prove a discrete-time result which is a crucial tool for the proof of the main result of the technical note. We consider a feedback controller with transfer function of the form where K 0 is holomorphic and bounded on fz 2
: jzj > g for some 2 (0; 1), K j 2 m2p and j 2 with j j j = 1. Applying this controller to a discrete-time plant with transfer function P which is holomorphic and bounded on fz 2 : jzj > g, we show that the transfer function of the closed-loop feedback system is holomorphic and bounded on fz 2 : jzj > g for some 2 (; 1), provided that (i) all the eigenvalues of j P( j )K j have positive real parts, and (ii) the gain parameter " is sufficiently small. This result is an extension of a result in [4] on low-gain discrete-time integral control. In Section IV, the main result of Section III is then used in the context of approximate tracking and disturbance rejection for infinite-dimensional sampled-data feedback systems. The continuous-time plant is assumed to have a transfer function Gwhichisholomorphicandbounded on fs 2 : Res > g for some < 0. The sampled-data servomechanism consists of a discrete-time feedback controller of the form (1.1) with j = e , where j 2 i for j = 1; . . . ; N and > 0 is the sampling period, in conjunction with two filters with transfer functions F 1 and F 2 . The reference signal r is given by r(t) = N j=1 e t j , j 2 p and the disturbance signals are assumed to be asymptotically equal (in a suitable sense) to signals of the same form. If all the eigenvalues of G( j )K j have positive real parts and F 1 ( j ) and F 2 ( j ) are equal to the identity for all j = 1; . . . ; N , then it is shown that, for every > 0, there exists > 0 such that, for every sampling period 2 (0; ), there exists " > 0 such that, for every " 2 (0; " ), the output y of the closed-loop sampled-data system can be decomposed as y = y1 + y2, where y1 (1) For the purposes of this technical note, it is convenient to the define the concept of a (finite-dimensional) filter as follows.
Definition II.4: A (finite-dimensional) filter is an exponentially stable, strictly causal, finite-dimensional system. 
The proof is straightforward and is therefore omitted (see also [10, Lemma 3.1], of which Proposition II.7 is a special case).
III. A DISCRETE-TIME RESULT
The following proposition will be crucial in the proof of Theorem IV.1, the main result of this technical note. It is also interesting in its own right.
Proposition III.1: Let N 2 and let j 2 , j j j = 1 for all j 2 N be such that j 6 = k for all j; k 2 N , j 6 = k. Although Proposition III.1 is contained as a special case in [3, Theorem 3.1], we prove this result to make the technical note self-contained. We emphasize that the proof given here is new, with coprime factorizations playing a pivotal role and thereby providing an alternative approach to that developed in [3] . It is convenient to first state and prove the following lemma which will facilitate the proof of Proposition III. As a trivial consequence of (3.7), Rezn < 1 for n n0. By (3.5), Rez n ! 1 as n ! 1, and thus, (1 0 Rez n )=" n ! 0 as n ! 1, contradicting (3.7).
We are now in the position to prove Proposition III.1.
Proof of Proposition III.1:
We first show that (I + PK " ) 01 2 H 1 ( 1; p2p ) for sufficiently small ". Since j 6 = k for all j; k 2 N , j 6 = k, we can choose > 0 sufficiently small such that cl ( ( j ; )) \ cl ( ( k ; )) = ;; 8j; k 2 N ; j 6 = k: Hence, K"(z)(I + P(z)K"(z)) 01 has a finite limit as z ! j for every j 2 N , so that K " (I + PK " ) 01 is bounded on a neighbourhood 3 of the set f j : j 2 N g. Since (I + PK " ) 01 2 H 1
and, for some 2 (0; 1), K" is bounded on n 3, it follows that K " (I + PK " ) 01 2 H 1 < ( 1 ; m2p ).
IV. A LOW-GAIN SAMPLED-DATA CONTROLLER
Consider the sampled-data system shown in Fig. 1 , where G is the input-output operator of the continuous-time plant, K ;" is the inputoutput operator of the discrete-time controller, F1 and F2 are filters, r is a reference signal and Before we prove the theorem, we provide some commentary in the following remark.
Remark IV.2: (i) Theorem IV.1 says that the output y can be decomposed in the form y = y 1 + y 2 , where
• the signal y1 is "small" in the sense that y1 2 L 2 ( +; p ), implying that the "energy" of the restriction y1j [t;1) converges to zero exponentially fast (with exponential rate ) as t ! 1.
• the signal y 2 is "persistent" and, for all sufficiently large t 0, y 2 (t) is close to r(t) in the sense that ky 2 (t) 0 r(t)k < .
(ii) Denoting the Lebesgue measure on + by L, the conclusions of Theorem IV.1 imply that
that is, as t ! 1, the error y(t) 0 r(t) is "bounded in measure"
by . (iii) An inspection of the proof of Theorem IV.1 (see (4.22) ) shows that if the impulse response of G is a p2m -valued Borel measure on +, p1(t) ! 0 and p21(t) ! 0 as t ! 1, then y 1 (t) ! 0 as t ! 1, so that lim sup t!1 ky(t) 0 r(t)k < .
(iv) One of the motivations for including the term p21 2 L 2 ( +; p )
in the disturbance d 2 is that it can be used to model non-zero initial conditions in an exponentially-stable well-posed state-space realization of G. (v) An inspection of the proof of Theorem IV.1 (see the argument guaranteeing the existence of ) shows that, for given f j : j 2 N g, and " can be chosen to be uniform for all signals r, d1 and d 2 with j , 1j and 2j , j 2 N , satisfying a pre-specified bound. 
